Abstract. We characterise in this work the q-plurisubharmonic functions in terms of the theory of viscosity solutions. We show that an upper semi-continuous function is q-plurisubharmonic if and only if its complex Hessian has at most q strictly negative eigenvalues in the viscosity sense. This characterisation is then used to prove that the sup-convolution of a (strictly) q-plurisubharmonic function is again (strictly) q-plurisubharmonic on a maybe different set of definition. Finally, we use the supremum convolution to deduce a new characterisation for the q-pseudoconvex subsets in C n .
Introduction
This article is a sequel and conclusion to our research previously developed in the works [13] and [14] . Our main objective now is to characterise the q-plurisubharmonic functions in terms of the theory of viscosity solutions; and this result is posed and proven in Definition 2.6, Proposition 2.7, and Theorem 2.10 in the following chapter. There we show that an upper semi-continuous function u is qplurisubharmonic if and only if either u ≡ −∞ or its complex Hessian H C u has at most q strictly negative eigenvalues in the viscosity sense; i.e., if for every C 2 -smooth test function ϕ, the complex Hessian H C ϕ has at most q strictly negative eigenvalues at those points where u − ϕ attains its maximum. This result was inspired by Alvarez, Lasry, and Lions paper [2] , where the authors showed that an upper semi-continuous function u is convex if and only if its real Hessian H R u has no strictly negative eigenvalues in the viscosity sense. We strongly recommend the manuscripts of Crandall [4] , Crandall et al. [5] , Koike [10] , or Katzourakis [9] for a general presentation on the theory of viscosity solutions.
On the other hand, in 1984 S lodkowski introduced a product based supremum convolution for q-plurisubharmonic functions u in order to build non-increasing sequences of continuous q-plurisubharmonic functions {u k } ∞ k=1 that converge pointwise to the original u, when k → ∞, and such that each u k has almost everywhere second-order derivatives in the Peano sense; see [15] .
In the same form, one can apply the sup-convolution introduced by Moreau in 1963 [11, 12] in order to produce continuous approximations to q-plurisubharmonic functions, because the q-plurisubharmonicity can be characterised in terms of viscosity subsolutions of the elliptic degenerate operator ⊖ given in Lemma 2.4 and one has the so called magic property: the sup-convolution of a viscosity subsolution is again a viscosity subsolution. Besides, it is well known that the sup-convolution takes upper semi-continuous functions u (which may not be integrable) and in general produces continuous ones u Φ . For example, if Φ is of the form −k · 2 , the sup-convolution then satisfies u Φ ≥ u, the sum u Φ +k · 2 is convex, and {u Φ } ∞ k=1 is a non-increasing sequence which converges pointwise to u as k → ∞; see Chapter 4 of [9] or Section 11 of [4] . We include a fast introduction to the sup-convolution and its properties in the third section of this work for the sake of completeness, but the reader who already knows the results can skip this section.
We conclude this work by showing in Proposition 4.1 and the subsequent corollaries a variation of the magic property: given any q-plurisubharmonic function u and a quadratic real-valued polynomial g(y) = y t Ay for a fixed Hermitian matrix A, the sup-convolution [u+g] Φ −g is again q-plurisubharmonic on a maybe different set of definition. As an application we deduce that the sup-convolution of a strictly q-plurisubharmonic function is again strictly q-plurisubharmonic; moreover, we also deduce a new characterisation for the q-pseudoconvex subsets in C n . This latter result extends a list of characterisations and properties of q-pseudoconvex sets we collected in [13] and [14] .
q-plurisubharmonic functions as viscosity subsolutions
We characterise in this section the q-plurisubharmonic functions u as viscosity subsolutions to the elliptic degenerate operator u → ⊖(H C u) introduced in the Lemma 2.4 below; i.e., u is q-plurisubharmonic if and only if either u ≡ −∞ or its complex Hessian H C u has at most q strictly negative eigenvalues in the viscosity sense. The main objective is to apply the results of the viscosity solutions theory originally developed by Crandall, Lions, and collaborators. We recommend in particular the manuscripts of Crandall [4] , Crandall et al. [5] , Koike [10] , and Katzourakis [9] .
From now on x, y = n k=1 Re(x k y k ) denotes the standard real inner product between vectors x and y in C n , so that x, x is the Euclidean norm x . In the same way, the notation u ≡ −∞ means that u is the function identically equal to −∞ on its set of definition; the set B ρ (x) ⊂ C n is the standard Euclidean open ball of radius ρ > 0 and with centre on x; while U ⊂ C n always stands for a non-empty open set.
We need to recall the definition of a q-plurisubharmonic function introduced by Hunt and Murray; see for example [8] . In particular, inspired by S lodkowski's Lemma 2.2 below, we prefer to introduce first the notion of subpluriharmonic functions instead of the (n−1)-plurisubharmonic ones. (1) The function u is subpluriharmonic on U if and only if either u ≡ −∞ on U or u + h has the maximum property for every continuous plurisubharmonic function h defined in a neighborhood of any compact ball B ⊂ U ; i.e., the sum u + h attains its maximum at the boundary bB. (2) For any integer q with 0 ≤ q < n, the function u is q-plurisubharmonic on U if and only if it is subpluriharmonic on the intersection U ∩ π with every possible (q+1)-dimensional complex affine space π in C n . Subpluriharmonic functions coincide with the (n−1)-plurisubharmonic ones. (3) Finally, we say by convention that any upper semi-continuous function is N -plurisubharmonic whenever N ≥ n. (4) The set of all q-plurisubharmonic functions on U is denoted by PSH q (U ).
S lodkowski showed in Lemma 4.4 of [16] that conditions in the point (1) above can be relaxed; namely, it is sufficient to consider pluriharmonic polynomials (globally defined on C n ) instead of plurisubharmonic functions. Recall that a pluriharmonic polynomial (or function) is the real part ±Re(h) of a holomorphic one h. We include S lodkowski's lemma for the sake of completeness.
We have that u lies in PSH n−1 (U ) if and only if the sum u − Re[℘] has the local maximum property for every holomorphic polynomial ℘ : C n → C; i.e., given any compact ball B in U , the new function u − Re[℘] attains its maximum in the boundary bB.
Proof. See Lemma 4.4 and its proof in pages 122 and 123 of [16] .
The characterisation of q-plurisubharmonic functions is simple when they are smooth enough, as it was indicated by Hunt, Murray and S lodkowski. We present below a collection of properties of q-plurisubharmonic functions, which can be found in various papers and are later used; see for example [8, 15, 7, 6, 13, 14] . Proposition 2.3. Let q and r be a pair of non-negative integers, and U be a non-empty open set in C n .
(1) The 0-plurisubharmonic functions are the classical plurisubharmonic ones. Moreover, PSH q (U ) is contained in PSH r (U ) whenever q ≤ r. (2) The q-plurisubharmonicity is a local property; i.e. u ∈ PSH q (U ) if and only if every point x ∈ U has a neighbourhood Ω ⊂ U such that the restriction u| Ω lies in PSH q (Ω). (3) Given c ≥ 0 in R and two functions u ∈ PSH q (U ) and v ∈ PSH r (U ),
. is a non-increasing sequence of functions in PSH q (U ), then the point-wise limit lim k→∞ u k lies in PSH q (U ).
(5) Given a collection {u j } j∈J in PSH q (U ) which is locally bounded from above at each point in U , the upper semi-continuous regularisation
(6) Assume that both 0 ≤ q < n and the open set U ⊂ C n is bounded. Then, every function u ∈ PSH q (U ) that is upper semi-continuous up to the boundary bU also satisfies the maximum principle; i.e.,
(7) A C 2 (U )-smooth function u is q-plurisubharmonic on U if and only if its complex Hessian below has at most q strictly negative eigenvalues at each point z ∈ U , (2.1)
We can now proceed with the main objective of this section; i.e, we characterise the q-plurisubharmonic functions as those upper semi-continuous functions whose complex Hessian has at most q strictly negative eigenvalues in the viscosity sense. To do so, we need to show first that the number of strictly negative eigenvalues is an elliptic degenerate operator acting on the set of Hermitian matrices. Lemma 2.4. Let ⊖(A) be the number of strictly negative eigenvalues of the Hermitian matrix A ∈ C n×n , and ⊕(A) be its number of strictly positive eigenvalues. The operators ⊖ and −⊕ are both elliptic degenerate; i.e., the inequalities below hold for all Hermitian matrices A ≥ B,
Notice that neither the operator ⊖ nor ⊕ is continuous and that the latter sign "≥" designates the Löwner partial order in the set of Hermitian matrices; i.e., A ≥ B whenever A−B is positive semidefinite.
Proof. This is a simple consequence of Theorem 7.9 of [19] , because for any two Hermitian matrices A ≥ B with ordered eigenvalues:
As in the classical theory of viscosity solutions, the definition for q-plurisubharmonic functions in the viscosity sense is naturally motivated by the following result for C 2 -differentiable functions.
Lemma 2.5. For any integer q ≥ 0, a function u ∈ C 2 (U ) is q-plurisubharmonic on a non-empty open set U ⊂ C n if and only if for every function ϕ ∈ C 2 (U ), the operator ⊖(H C ϕ) ≤ q at those pointsp ∈ U where u − ϕ attains its maximum.
Proof. Firstly assume that for every ϕ ∈ C 2 (U ), the operator ⊖(H C ϕ) ≤ q at those pointsp ∈ U where u − ϕ attains its maximum. Since u ∈ C 2 (U ), we can fix ϕ ≡ u, so that u − ϕ obviously attains its maximum (zero) at every point z ∈ U . Whence, u ≡ ϕ lies in PSH q (U ), because ⊖(H C ϕ) ≤ q at every z ∈ U and according to (7) in Proposition 2.3.
On the other hand, suppose now that u ∈ C 2 (U ) is q-plurisubharmonic and take ϕ ∈ C 2 (U ), such that the difference g = u − ϕ attains its maximum at some point p ∈ U . Hence, when they are evaluated atp, both the gradient ∇g = 0 vanishes and the real Hessian H R g ≤ 0 is negative semi-definite. We assert that the complex Hessian H C ϕ in (2.1) has at most q strictly negative eigenvalues atp.
Recall that the real Hessian H R g ∈ R 2n×2n is symmetric and Hermitian, so that the condition
. We can understand the relation between the real and complex Hessians by expanding the complex coordinates into real ones z k = x k +iy k , so that C n ∼ = R 2n . The following identities are easily satisfied for z =p and all vectors ξ ∈ C n ,
Thus, both inequalities H C g ≤ 0 and H C u ≤ H C ϕ hold, when the complex Hessians are all evaluated atp. Notice that ⊖(H C u) ≤ q on U , because u is qplurisubharmonic in U and point (7) in Proposition 2.3. A direct application of Lemma 2.4 yields the desired result: ⊖(H C ϕ) ≤ q at those pointsp where u − ϕ attains its maximum.
We may now present the main definition of this work, the main idea is to rephrase the previous result, so as to get a proper definition for upper semi-continuous functions instead of C 2 -differentiable ones.
Definition 2.6. Let q ≥ 0 be an integer, and u :
We say that u is qplurisubharmonic in the viscosity sense on U whenever either u ≡ −∞ on U or for every ϕ ∈ C 2 (U ), the operator ⊖(H C ϕ) ≤ q at those pointsp where u − ϕ attains its maximum; i.e., the complex Hessian H C ϕ in (2.1) has at most q strictly negative eigenvalues at those pointsp.
In particular, if u ≡ −∞, we must only consider those test functions ϕ for which u − ϕ can indeed attain its maximum at somep ∈ U , so that (u−ϕ)(p) and u(p) are both (finite) real numbers.
For example, any upper semi-continuous function u is q-plurisubharmonic in the
We now devote the rest of this section to prove that the q-plurisubharmonicities in the viscosity and classical senses coincide for general upper semi-continuous functions. We begin presenting the simpler implication.
Proposition 2.7. Every function u ∈ PSH q (U ) is q-plurisubharmonic in the viscosity sense on U , for any integer q ≥ 0 and non-empty open set U ⊂ C n .
Proof. The result is trivial when q ≥ n or u ≡ −∞ on U , because u is q-plurisubharmonic in the viscosity sense in both cases. Thus, we assume from now on that q < n and u(x) ∈ R is finite for somex ∈ U . We prove the result by assuming that u is not q-plurisubharmonic in the viscosity sense on U . Whence, following Definition 2.6 there is a test function ϕ ∈ C 2 (U ) such that u − ϕ attains its maximum at somep ∈ U , but the operator ⊖(H C ϕ) > q at the pointp. In particular, u(p) ∈ R is finite and the negative complex Hessian −H C ϕ has at least q+1 strictly positive eigenvalues atp, so that −H C ϕ has the same number of positive eigenvalues at every point in some small neighbourhood Ω 1 ofp. According to point (7) in Proposition 2.3 this means that −ϕ is (n−q−1)-plurisubharmonic on Ω 1 .
Choose β > 0 small enough such that −ϕ(z)−β z−p 2 is (n−q−1)-plurisubharmonic on a maybe smaller neighbourhood Ω 2 ofp; i.e., its complex Hessian has at least q+1 positive eigenvalues on Ω 2 . The sum (u−ϕ)(z)−β z−p 2 then attains its strict global maximum atp ∈ Ω 2 and it is (n−1)-plurisubharmonic on Ω 2 . This result is a consequence of point (3) in Proposition 2.3, after considering that u lies in PSH q (U ), that the evaluation u(p) ∈ R is finite, and that u − ϕ attains its maximum atp. The existence of a strict global maximum inside Ω 2 contradicts the local maximum principle stated in the point (6) of Proposition 2.3, so that u must be q-plurisubharmonic in the viscosity sense on U .
We need the following result to prove the opposite implication to the previous proposition. This is a classical result in the theory of viscosity solutions, but we include its proof for the sake of completeness.
n be non-empty open sets, and u : U → [−∞, ∞) be an upper semi-continuous function. Assume there is a function ϕ ∈ C 2 (Ω) such that the restriction of u − ϕ to Ω attains its maximum at some pointp ∈ Ω and u(p) ∈ R is finite. Then there is a second function ψ ∈ C 2 (U ) such that u − ψ has a strict global maximum atp in U and its evaluation ψ(p), gradient ∇ψ(p), and complex Hessian H C ψ(p) coincide with the respective evaluation ϕ(p), gradient ∇ϕ(p), and complex Hessian H C ϕ(p) of the original function.
Proof. Define the function ψ 0 (z) := ϕ(z) + z−p 6 . One can easily see that the restriction of u − ψ 0 to Ω has a strict global maximum atp ∈ Ω and its evaluation ψ 0 (p), gradient ∇ψ 0 (p), and complex Hessian H C ψ 0 (p) coincide with the respective evaluation ϕ(p), gradient ∇ϕ(p), and complex Hessian H C ϕ(p) of the original function. We only need to extend ψ 0 as a C 2 -smooth function onto U to conclude the proof. We do this by steeps.
Also define V k := {x ∈ U : u(x) < k}, so that U = ∞ k=1 V k . Since u is upper semi-continuous, we have that V k is an open subset of C n for each integer k ≥ 1. Take any compact ball B ⊂ Ω with centre atp, so that ψ 0 is C 2 -smooth in a neighbourhood of B and the restriction of u − ψ 0 to B attains its strict global maximum atp ∈ B. Since u is upper semi-continuous on U , it is bounded from above on the compact ball B by a large enough integer k ≥ 1, so that B ⊂ V k . All the previous properties imply that ψ 0 can be extended from B onto a neighbourhood of V k as a C 2 -smooth function ψ k such that the restriction of u − ψ k to V k also has its strict global maximum atp.
We can obviously carry on with this process, extending ψ j from V j onto a neighbourhood of V j+1 as a C 2 -smooth function ψ j+1 such that the restriction of u−ψ j+1 to V j+1 attains its strict global maximum atp. Since U = ∞ k=0 V k , the above extension process yields a function ψ ∈ C 2 (U ), such that u − ψ also has its strict global maximum atp and the functions ψ and ψ 0 coincide inside the open ball B centred atp, as we wanted to prove.
A direct consequence of this lemma is that the q-plurisubharmonicity in the viscosity sense is a local property. (1) If every point x ∈ U has an open neighbourhood Ω ⊂ U such that the restriction u| Ω is q-plurisubharmonic in the viscosity sense on Ω, then u is also q-plurisubharmonic in the viscosity sense on U . (2) Given any non-empty open subset Ω ⊂ U , if u is q-plurisubharmonic in the viscosity sense on U , the restriction u| Ω is then q-plurisubharmonic in the viscosity sense on Ω.
Proof. Statement in point (1) trivially holds when u ≡ −∞ on U ; otherwise, this point is proved by taking any function ψ ∈ C 2 (U ) such that u − ψ attains its maximum at some pointp ∈ U with u(p) ∈ R. Let Ω be an open neighbourhood of p in U such that the restriction u| Ω is q-plurisubharmonic in the viscosity sense in Ω. Since the restriction of u − ψ to Ω also attains its maximum atp ∈ Ω, Definition 2.6 yields that the operator ⊖(H C ψ) ≤ q atp, and so u is q-plurisubharmonic in the viscosity sense in U by the same definition.
Result in point (2) trivially holds when u ≡ −∞ on Ω; otherwise, this point is proved by taking any function ϕ ∈ C 2 (Ω) such that u| Ω − ϕ attains its maximum at some pointp ∈ Ω with u(p) ∈ R. Lemma 2.8 yields the existence of ψ ∈ C 2 (U ) such that u − ψ has a strict global maximum atp ∈ U and the complex Hessians H C ψ(p) and H C ϕ(p) coincide. Since u is q-plurisubharmonic in the viscosity sense on U , the Hessians H C ϕ = H C ψ have at most q strictly negative eigenvalues atp, and so u| Ω is also q-plurisubharmonic in the viscosity sense on Ω.
We may now prove that the q-plurisubharmonicities in the viscosity and classical senses coincide for general upper semi-continuous functions. This result was inspired by Alvarez, Lasry, and Lions paper [2] , where they shown that an upper semi-continuous function u is convex if and only if its real Hessian H R u has no strictly negative eigenvalues in the viscosity sense. Proof. The result is trivial when q ≥ n or u ≡ −∞ on U . Moreover, it is already shown in Proposition 2.7 that every u ∈ PSH q (U ) is q-plurisubharmonic in the viscosity sense. We assume from now on that both u ≡ −∞ is q-plurisubharmonic in the viscosity sense on U and q < n. We show that u ∈ PSH q (U ) by considering the cases introduced in the main Definition 2.1. The first case happens when q is equal to n−1; and so we introduce the test function
where ℘ : C n → C is an arbitrary holomorphic polynomial and β ≥ 0 is a real number. According to Lemma 2.2, u lies in PSH n−1 (U ), whenever the maxima θ 1 ≥ θ 2 below are equal for β = 0 and any non-trivial compact ball B ⊂ U and arbitrary holomorphic polynomial ℘, Notice that both θ 1 and θ 2 exist, because u is upper semi-continuous, but θ 1 or θ 2 may be equal to −∞. Suppose by way of contradiction that θ 1 > θ 2 , so that the restriction of u − ϕ 0 to B does not attain its maximum θ 1 ∈ R at the boundary bB. One can easily choose β > 0 small enough, so that the restriction of u − ϕ β to B does not attain its maximum at bB either, but this maximum θ 3 ∈ R is indeed attained at some pointp in the interior B. Lemma 2.8 yields the existence of ψ ∈ C 2 (U ) such that u − ψ also has its strict global maximum atp ∈ U and the complex Hessians H C ψ(p) and H C ϕ β (p) coincide. Since u is (n−1)-plurisubharmonic in the viscosity sense on U , the Hessians H C ψ = H C ϕ β must have at most n−1 strictly negative eigenvalues at the pointp according to Definition 2.6. We obviously have a contradiction, because H C ϕ β in (2.3) is equal to −β < 0 times the [n×n]-identity matrix. Whence, θ 1 = θ 2 in (2.4), and so u lies in PSH n−1 (U ) according to Lemma 2.2.
We now consider the case when 0 ≤ q ≤ n−2. Let π ⊂ C n be any (q+1)-dimensional complex affine space such that U ∩ π is not empty. We can assume without loss of generality that π is of the form C q+1 ×{0} for some particular system of coordinates (x, y) in C q+1 ×C n−q−1 , since the eigenvalues of complex Hessians are invariant under holomorphic rotations and translations. Obviously, we have nothing to prove when u is identically equal to −∞ in U ∩ π; otherwise, we follow the ideas presented in the previous paragraphs. Thus, u ∈ PSH q (U ), whenever the maxima θ 1 ≥ θ 2 below are equal for any holomorphic polynomial ℘ : C n → C and non-empty open ball B ⊂ C q+1 with product B×{0} contained in U ∩ π, Notice that both θ 1 and θ 2 exist, because u is upper semi-continuous, but θ 1 or θ 2 may be equal to −∞. Suppose by way of contradiction that θ 1 > θ 2 , so that the restriction of Υ to B×{0} does not attain its maximum θ 1 ∈ R at the subset bB×{0}. Since Υ is also upper semi-continuous, we can find a second non-empty open ball D in C n−q−1 with centre at the origin and radius small enough, such that B×D ⊂ U and max
Again, since u is upper semi-continuous, we can choose β > 0 small enough and δ > 0 large enough, so that the restriction of u − ϕ to B×D does not attain its maximum at the boundary b(B×D) either, but this maximum θ 3 ∈ R is indeed attained at some pointp in the interior B×D. Lemma 2.8 yields the existence of ψ ∈ C 2 (U ) such that u − ψ also has its strict global maximum atp ∈ U and the complex Hessians H C ψ(p) and H C ϕ(p) coincide. Since u is q-plurisubharmonic in the viscosity sense on U , the Hessians H C ψ = H C ϕ must have at most q strictly negative eigenvalues at the pointp according to Definition 2.6. We obviously have a contradiction, because H C ϕ(p) in (2.6) has q+1 strictly negative eigenvalues coming from the term −β x 2 . Hence, θ 1 = θ 2 in (2.5), and so u lies in PSH q (U ) according to Definition 2.1.
Basic properties of the sup-convolution
We have so far characterised the q-plurisubharmonic functions as upper semicontinuous viscosity subsolutions to the elliptic degenerate operator ⊖ introduced in Lemma 2.4. One of the main consequences of this result is that we can apply the theory of viscous solutions into the field of several complex variables, as it was initially done by S lodkowski and Tomassini in [17] , but we must be careful, because the operator ⊖ is not continuous. We recommend again to the interested reader the manuscripts of Crandall [4] , Crandall et al. [5] , Koike [10] , and Katzourakis [9] , for a general introduction to the theory of viscous solutions.
One of the most important tools in the theory of viscosity solutions is the supconvolution introduced by Moreau in 1963 [11, 12] . It plays the role represented by the classical integral convolution in the theory of linear differential equations. Actually, it is well known that the sup-convolution takes an upper semi-continuous function u (which may not be integrable) and in general produces a continuous one u Φ . In particular, if Φ is of the form −k · 2 , the sup-convolution then satisfies u Φ ≥ u, the sum u Φ +k · 2 is convex, and the sequence {u Φ } ∞ k=1 is non-increasing and converges pointwise to u as k → ∞; see for example Chapter 4 of [9] or Section 11 of [4] . Moreover, one also has the so called magic property: the supconvolution of a viscosity subsolution is again a viscosity subsolution.
We include in this chapter a fast introduction to the sup-convolution and its properties for the sake of completeness, but the reader who already knows the results can skip this chapter. Recall the original Moreau definition [11, 12] . n is a non-empty set. The sup-convolution is defined below for every y ∈ C n ,
We simply write u Φ instead of u Φ X when it is clear on which set the function u is defined.
Even when the sup-convolution is well defined for every y ∈ C n , the most interesting results appear at those points y ∈ C n for which the supremum in (3.1) can be attained at somex ∈ X. Thus, we recall the semiconvex functions and the proper sets of definition for the sup-convolution. X is composed by those points y ∈ C n for which there isx ∈ X, such that the supremum u Φ X (y) in (3.1) is equal to Φ(y−x)+u(x). Besides, a function Ψ : C n → R ∪ {∞} is said to be semiconvex with constant δ > 0 if and only if the sum Ψ+δ · 2 is convex on C n .
Notice that the classical definition for convexity is extended to consider functions with image in R ∪ {∞}. The sup-convolution has some simple but interesting properties. The proofs are included for the sake of completeness. ing. Assume that X ⊂ C n is closed, dist X is the Euclidean distance to X, and Φ = f ( · ). The following identities hold on y ∈ C n ,
Recall that x, y = n k=1 Re(x k y k ) denotes the standard real inner product between vectors x and y in C n . Moreover, the notation u ≡ −∞ means that u is identically equal to −∞ on its set of definition X.
Proof. The inequality u ≤ u Φ in statement (1) holds up after fixing x = y into formula (3.1). The inequality u Φ ≤ M in point (2) is proved by setting u ≤ M into (3.1), so that for every
The result in point (3) follows from the fact that the sup-convolution u Φ is calculated with the supremum. The result in statement (4) (5) easily yield that Φ ≡ −∞ and the sum Φ+δ · 2 is convex on C n for some δ > 0. Hence, we also have that u Φ X (y)+δ y 2 is convex with respect to the variable y ∈ C n , because it is the supremum of the following convex functions,
which are all indexed by those points x ∈ X with u(x) ∈ R. Finally, point (6) easily follows from the definition of the distance function and the hypothesis that f is monotonically decreasing; i.e.,
As we have said, one of the properties of the sup-convolution is that it takes upper semi-continuous functions (which may not be integrable) and produces continuous functions. This property is obtained when Φ is semiconvex; see Definition 3.2.
Lemma 3.4. Let X ⊂ C n be non-empty, and u : X → [−∞, ∞) be upper semicontinuous. Given a semiconvex function Φ ∈ C(C n ) with constant δ > 0, so that Φ ≡ −∞, assume the proper set of definition for the sup-convolution u Φ X has nonempty interior W = ∅. The restriction of f = u Φ X +δ · 2 to W is then locally convex and continuous. Besides, if u ≡ −∞, the function f is twice differentiable almost everywhere on W in the sense of Alexandrov; i.e., for almost every x ∈ W there are a vector ν ∈ C n and a symmetric matrix A ∈ R 2n×2n such that
In particular, if f is C 2 -differentiable on a small neighbourhood of x in W , one automatically has that ν = ∇f (x) is the gradient and A = H R f (x) is the real Hessian; moreover A ≥ 0, because f is locally convex at x.
Proof. The result is trivial when u ≡ −∞, because u Φ X ≡ −∞ would be constant. Thus, we suppose from now on that it is not the case. Definition 3.1 and the point (5) in Lemma 3.3 imply that f = u Φ X +δ · 2 is convex on C n , but it may take the extremal values ±∞. The point (4) in the same Lemma 3.3 then yields that f (W ) ⊂ R does not contain the extremal values ±∞, so that the restriction of f to W is locally convex and continuous. The latter results are a consequence of Alexandrov's theorem for convex functions; see [1, 5] .
Even when the sup-convolution u Φ can be defined for all upper semi-continuous functions u and Φ, the more interesting cases happen when the proper set of definition for u Φ is not empty and u Φ is itself a continuous function. These properties are partially satisfied when Φ(x) is of the form −θ x 2 for some positive real θ > 0 and according to Definition 3.2, Lemma 3.4, and the result below. Given any point y ∈ U , it lies in the proper set of definition for the sup-convolution F θ , whenever the image u(y) ∈ R is finite and the parameter θ ≫ 1 is large enough. Moreover, the following identity holds for every y ∈ U ,
Proof. The result is trivial when u ≡ −∞, because F θ = u Φ U would be constant and identically equal to −∞. Thus, we suppose from now on that it is not the case. A direct consequence is deduced from statements (2) and (3) in Lemma 3.3: the image of F θ = u Φ U lies inside the real interval (−∞, M ]. Moreover, given any fixed point y ∈ U , the supremum in the Definition 3.1 of the sup-convolution F θ (y) only needs to be calculated in the intersection of U with a compact ball B ρ (y) of centre at y and radius ρ > 0 large enough; i.e., (3.5)
≥ 0, because u(x) − θ y−x 2 < F θ (y) whenever x ∈ U lies in the complement of B ρ (y). Assume for some moments that u(y) ∈ R is finite for y ∈ U fixed, the statement (1) in Lemma 3.3 implies that the sup-convolution F θ (y) is bounded from below by u(y) for every θ > 0. Whence, if we take the parameter θ ≫ 1 large enough in (3.5), we can chose a radius ρ > 0 small enough such that the compact ball B ρ (y) is contained in U . Since u is upper semi-continuous, the maximum in (3.1) and (3.5) is attained at some point in B ρ (y), and so y lies in the proper set of definition for F θ = u Φ U according to Definition 3.2. Finally, we show (3.4) by considering two cases. If u(y) ∈ R is finite for y ∈ U fixed, we have already seen that F θ (y) is bounded from below by u(y) for every θ > 0 according to point (1) in Lemma 3.3. Hence,
converges to zero when θ goes to ∞, and so we can apply the limit when ρ → 0 into (3.5) in order to deduce (3.4). Since u is upper semi-continuous, we easily have that
We proceed by contradiction when u(y) = −∞ for the point y ∈ U . Assume that F θ (y) in (3.4) does not converge to −∞ when θ → ∞. It is easy to deduce from (3.1) or (3.5) that the sup-convolution F θ (y) is monotonically decreasing with respect to θ, and so F θ (y) is bounded from below by some β ∈ R for every θ > 0. We may now proceed as in the previous paragraphs to deduce that equation (3.6) also holds. This result yields a contradiction, because u(y) is equal to −∞, and so both terms of equation (3.4) are equal to −∞ as well.
Sup-convolution and q-plurisubharmonic functions
As we mentioned in the introduction and the previous section, one of the most important results in the theory of viscosity solutions is the so called magic property: the sup-convolution u Φ of a viscosity subsolution u is again a viscosity subsolution (on the interior of the proper set of definition for u Φ ). Thus, we conclude this work by showing below an extension to this magic property. As a pair of applications we also deduce that the sup-convolution of a strictly q-plurisubharmonic function is strictly q-plurisubharmonic and we find a new characterisation for the open qpseudoconvex subsets U ⊂ C n . This latter result extends a list of characterisations and properties of q-pseudoconvex sets we collected in [13] and [14] .
n and a fixed Hermitian matrix A ∈ C n×n , take any function g ∈ C 2 (U ) whose complex Hessian H C g ≥ A is uniformly bounded from below on U ; i.e., the difference H C g−A is positive semidefinite on U . Moreover, given any function u ∈ PSH q (U ) for a fixed integer q ≥ 0, suppose the proper set of definition for the sup-convolution Φ U −h and consider any ϕ ∈ C 2 (W ) such that F − ϕ takes its maximum at somep ∈ W . We shall prove that ⊖(H C ϕ) ≤ q at the pointp, so that Definition 2.6 and Theorem 2.10 will imply that F is q-plurisubharmonic in the classical and viscosity senses on W . Since F − ϕ takes its maximum atp ∈ W , formula (3.1) yields the identities below for all w ∈ W and y ∈ U , (4.1)
[u+g]
Sincep lies in the interior W of the proper set of definition for [u+g] Φ U , Definition 3.2 implies the existence of a pointx ∈ U , such that
Now fix w = f (y) := y−x+p, so that w−y is equal top−x. There is then a small enough neighbourhood Ω ofx in U , such that f (Ω) ⊂ W is also a neighbourhood ofp = f (x) in W . Equations (4.1) and (4.2) yield the following inequality for every point y ∈ Ω,
Whence, if we define Υ := −g + (h+ϕ)•f , the restriction of u − Υ to Ω attains its maximum atx ∈ Ω. Since u(x) ∈ R is finite according to (4.2), Lemma 2.8 implies the existence of a test function ψ ∈ C 2 (U ) such that u − ψ has a strict global maximum atx ∈ U and the complex Hessians H C Υ(x) and H C ψ(x) coincide. The given hypotheses also imply that
, because H C h ≤ A on W and A ≤ H C g on U ; see for example section 6.2 of [19] . Since f is a translation, we can use all the previous results to deduce that,
Now then, the operator ⊖(H C ψ) ≤ q at the pointx, because u − ψ has a strict global maximum atx ∈ U and u ∈ PSH q (U ). Recall the given hypotheses, Definition 2.6, and Theorem 2.10. Moreover, ⊖(H C ϕ) ≤ q atp ∈ W because of (4.3) and Lemma 2.4, so that the restriction of [u+g] Φ U −h to W is q-plurisubharmonic in the classical and viscosity senses on W .
We can obviously define g(y) = h(y) = y Observe that Φ ≡ −∞ because of the given hypotheses. Moreover, one can fix g ≡ 0 in Corollary 4.2, so that the sup-convolution u Φ of a q-plurisubharmonic function u is again q-plurisubharmonic. We can show a similar result for strictly q-plurisubharmonic functions. Recall the following definition from [3, 18, 6] . Notice that u ≡ −∞ is strictly q-plurisubharmonic; and it is the only constant function with this property. One must also say that the strictly q-plurisubharmonic functions are sometimes called strongly q-plurisubharmonic. Φ Ω −ε · to W is also continuous and q-plurisubharmonic on W , because we only need to fix g = ε · . Hence,
Another interesting result is that the complex Hessian H C u of a strictly q-plurisubharmonic function u has at least n−q strictly positive eigenvalues in the viscous sense. Recall the operator ⊕ defined in Lemma 2.4.
n and for an integer q ≥ 0. Assume that u ≡ −∞. Given any test function ϕ ∈ C 2 (U ), the operator ⊕(H C ϕ) ≥ n−q at those pointsp ∈ U where u − ϕ attains its maximum; i.e., the complex Hessian H C ϕ in (2.1) has at least n−q strictly positive eigenvalues at those pointsp.
Proof. The result is trivial when q ≥ n, so we suppose it is not the case. According to Definition 4.3 and Theorem 2.10, there are a real ε > 0 and a non-empty open ball B ⊂ U with centre at y, such that the restriction of u−ε · 2 to B is q-plurisubharmonic in the classical and viscosity senses on B. Since the restriction of u − ϕ to Ω also takes its maximum atp ∈ Ω, we can add and subtract ε · 2 to u − ϕ and consider the new test function ϕ−ε · 2 , so that Definition 2.6 yields,
where ½ is the identity [n×n]-matrix. Hence, H C ϕ(p) − ε½ has at most q strictly negative eigenvalues, and so H C ϕ(p) has at least n−q strictly positive eigenvalues, because ε > 0.
Unfortunately, the converse of the previous lemma does not hold in general. obviously lies in PSH 0 (C), but it is only strictly plurisubharmonic on C\R, because its complex Hessian is 3Im 2 (z) and it vanishes on the real axis R ⊂ C. In the same way, the point (3) in Proposition 2.3 implies that
lies in PSH 0 (C). We easily have H C f (z) = 3Im 2 (z) on C \ R, so that f is also strictly plurisubharmonic on C \ R. Nevertheless, f is not strictly plurisubharmonic on R, because for every ε > 0 the complex Hessian of f −ε · 2 converges to −ε when z ∈ R moves close enough to R, so it becomes strictly negative near R.
On the other hand, let ϕ ∈ C 2 (C) be any test function, such that f − ϕ takes its maximum at somep ∈ C. Notice that f − ϕ cannot take its maximum in the real axis R ⊂ C because of the absolute value |Im(z)| in (4.4), so thatp ∈ R. Since f − ϕ is C 2 -smooth on C \ R, we can repeat word by word the analysis done in the second part of the proof of Lemma 2.5 to deduce that
at every pointp where f − ϕ takes its maximum.
Another interesting example appears after considering the result presented in the point (6) of Lemma 3.3: The sup-convolution χ Φ is equal to the composition of the distance dist X with a monotonically decreasing function f . Whence, if the characteristic function χ in (3.2) or (4.5) below is q-plurisubharmonic, Lemma 3.3 and Proposition 4.1 would imply that χ Φ and f •dist X are both q-plurisubharmonic as well. In this case, S lodkowski characterised in [16] those closed sets X ⊂ C n for which its characteristic function χ ∈ PSH q (C n ). S lodkowski actually produced several characterisations in [16] , one of them says that χ ∈ PSH q (C n ) if and only if the open complement C n \X is (q−1)-pseudoconvex; see for example Theorems 2.5 and 4.2 in [16] or Theorem 3.8 in [14] . We can restate the previous analysis as follows.
Corollary 4.7. Let f : R → [−∞, ∞) be upper semi-continuous and monotonically decreasing, such that f (0) = 0 and f (t) < 0 for all t > 0. Take the Euclidean distance dist X to a non-empty closed set X ⊂ C n . Given any integer q ≥ 0, the statements below are all equivalent:
(1) The characteristic function below lies in PSH q (C n ), (4.5) χ(y) := 0 if y ∈ X; −∞ otherwise.
for y ∈ C n .
(2) The composition f • dist X lies in PSH q (C n ). ( 3) The open set C n \X is (q−1)-pseudoconvex on C n under the extra condition that 1 ≤ q < n, and so − ln dist X lies in PSH q−1 (C n \X).
Notice that χ in (4.5) is upper semi-continuous when X ⊂ C n is closed. Moreover, if we set q = 1 in the above statements, we obtain a new characterisation for domains of holomorphy (0-plurisubharmonic domains) D ⊂ C n : The composition f • dist X is 1-plurisubharmonic for the distance dist X to the complement C n \D and a monotonically decreasing function f as above.
Proof. (1) implies (2) . We have χ Φ = f • dist X for Φ = f ( · ) according to the point (6) in Lemma 3.3 and identity (3.3). Moreover, C n is the proper set of definition for χ Φ , because X is closed, so that for each y ∈ C n there isx ∈ X with dist X (y) equal to x−y . Since f • dist X is upper semi-continuous and χ lies in PSH q (C n ) by hypothesis, Proposition 4.1 imply that χ Φ = f • dist X lies in PSH q as well.
(2) implies (1) . Notice that χ = lim k→∞ u k for u k := k (f • dist X ) and every integer number k ∈ N. Since u 1 ≥ u 2 ≥ ..., points (3) and (4) in Proposition 2.3 implies that u k and χ both lie in PSH q (C n ). (1) is equivalent to (3). Theorems 2.5 and 4.2 in [16] state that χ lies in PSH q (C n ) if and only if the complement C n \X is (q−1)-pseudoconvex. Finally, the equivalence with the property that − ln dist X lies in PSH q−1 (C n \X) follows from Definition 3.3 in [13] or Proposition 3.3 in [14] .
This result extends a list of characterisations and properties of q-pseudoconvex sets we collected in [13] and [14] . Besiedes, we must point out that the previous results can be extended to consider locally closed sets X ⊂ C n instead of closed ones. However, we must be careful, because the proper set of definition for χ Φ may not be the whole space C n . Indeed, for each y ∈ C n there isx ∈ X with dist X (y) equal to x−y , butx may not lie in X, when it is different from X.
